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Chapter 1. Differentiation

Examples 1, 2 and 3 that follow revise the application of the rule:

If y = ax® then g—‘}c = anx"*'.

The rule does not just apply to n taking non negative integer values but is also true for n
taking fractional and negative values as well.

Also remember that if y= flx) = g
%‘QXC = Ed;f(x) * aq;g(x). (The sum and difference rules.)
Example 1
Determine the gradient function, %QXC , for each of the following.
3
@ y=7x (b) y=3x*+2x-5 @ y=3
(d) y=5vx (&) y=(*+1)(2x-3)
(@ If y= 7% (b) If y = 3x?+2x-5 (=3x%+2x!-5x0)
d _ d
a‘.’zc = 7(5)x5 1 a‘}c = 6x+2
= 35x%
3 d If =5
@ If y=3 (@) Y ‘/1;
242 = 5x?
= 3x
d 1\ -1
o 1% PEOR
a‘}c = -6x73 dx = ° 2] %
_ 6 _ 5
3 2Vx

2x3 - 3% + 2x- 3
6x°% - 6 + 2

e If y= (x2 +1) (2x-3) expanding gives

Hence

o S
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4 )
4 (7:5)
x 35.x4
These same answers can be obtained from 1(3 x2 +2%-5)
some calculators. dx 6ox+ 2
£(2)
dax\ x2 -6
3
4 (5/7%)
dx 5
d (.2 *
a((x +1)(2x-3))
L 6-x2- 6-x+2 |
Example 2
Determine the gradient of the curve y = x? +3+/x atthe point (4, 22).
If y = 2 +3vx
1
4 = x2 + 3x2 7 N\
& —_ —d-(x2+3w/7c-) x=4
then dr = 2x + Nk dx | 35
At the point (4, 22), = 4 4
dy 3
and so dx = 2(4) + =ik
= 875 \\ —
The gradient of the curve y = x? +3+x atthe point (4, 22) is 8-75.
Example 3
4
Determine the equation of the tangent to the curve y = 2 at the point (4, 1).
4
If y =3 ie. y = 4x71
then %X = —4x72
x
) dy 4 )
Thus at th t (4, 1), = -0-25.
us a € poin ( ) dx 0 tangentLine (i L x= 4)
At (4, 1) the tangent will have a gradient of -0-25. x x
Thus the tangent will have an equation of the form 2- 4
y = -0-25x+c.
x =4,y =1 must "fit": 1 = -0-25(4) +c
c=2 \ ,
The required equation is y = —-0:25x+ 2.
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Second (and higher order) derivatives.
d
If y = 2x°  then the gradient function, -c-i.ozc , equals 10x*.
Differentiating again gives "the gradient function of the gradient function".
d?y
We call this the second derivative of y with respect to x and write it as a2
2
- _ 9.5 dy _ .4 oy _ 3
Thus with y = 2x°, e - 10x and a2 40x
&y dy
Continuing this process: i3 = 12047, 4t = 240x etc.
x x

Alternatively, using the dash notation,
with fx) = 2¢°, f'(x) = 10x% f£"(x) = 4023, f"(x) = 1202 etc.

Example 4

23

Find the coordinates of any points on the curve y = 2x3 where the second derivative has

a value of 24.

Either algebraically:
_ 5.3 dy _
If y=2«x then dx 632
2
a7y
d = 12
an ) x
Thus we require points for which 12x = 24
ie. x = 2
Or, by calculator: 4 A
d2
solve(d—xz(Z-x3)=24, x)
{x=2}
\ _
If x=2 y =2(2)3
= 16

Thusy = 243 has a second derivative of 24 at (2, 16).
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Exercise 1A

(Whilst you are encouraged to explore the ability of your calculator to determine
expressions for the derivative, to determine its value at particular points on a curve and
to find the equation of tangents to curves, it is suggested that you do most of the
following questions algebraically to ensure that you can follow the basic processes

without a calculator.)

d
Determine the gradient function aﬁ for each of the following.
1. y=5x+17 2. y=3x%-2x
X
4. y=15-2x 5. y=§
7. y=3:2-— 8. y=10vx
. y= -z . oy= X
10, y=— 11. y=3x
. y= 7 . y=ix
1
13. y=6+- 14. y=5(7x*-2)
2

d
Determine d_xg for each of the following.

16. y=x2 17. y=x3

19. y=2x3+2x-34 20. y=2x*-x%-3

22. y=+/x 23. y=8+x
x 5

25. y==+7 26. y=-—+7
5 x

Determine f'(x) for each of the following.

28. f(x)=3x - i 29. f(x)= 5x%+8+x

Determine f"(x) for each of the following.

3
1. f(x)=3ax* + 443 : ==
3 (x) =3x" + 4x 32. f(x) >

3.

12.

15.

18.

21.

24.

27.

33.

y =223 - 22

5

y=(F-1)(3x+2)

y=3x+x

y=4x3+3x2+2x



34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
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Find the gradient of y = 253 -2x+1 atthe point (1, 1).

5
Find the gradientof y=8 - o at the point (-1, 13).

Find the gradient of y = 3% - xiz at the point (-1, 2).

Find the value of f"(-3) for f(x) = 2x° - 3% + 4x + 2.

If f(x) =5x-243 find (a) f'(x), (b) f'(2), (0 f"(x), (d) f"(-2).
Find the equation of the tangent to the curve y = 5x% atthe point (-2, 20).

6
Find the equation of the tangent to the curve y=x + p at the point (2, 5).

, , %3+ 2Vx _
Find the equation of the tangent to the curve y = — at the point (1, 3).

Find the coordinates of the point(s) on the following curves where the derivative is
as stated.

(@) y=2x3+6x%-8x+4. gﬁ = 10.

(b) y=5+ 6vVx %:5.

Find the coordinates of the point(s) on the following curves where the second
derivative is as stated.

3 2 2
X d“y dy
@ y=17- 42 =15 (b) y=x3-242 w2

The curve y = ax® + ba® +cx+5 passes through the point P (-1, 4) and at the point
P the first and second derivatives of the curve are 8 and -24 respectively.
Find the values of the constants a, b and c.
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The product rule.
Consider the function y = x(x + 3).

dy

To determine ae e could simply expand the bracket to obtain y = 2% +3x
d
and then differentiate to give a‘}c = 2x+3

Could we obtain this same answer without having to first expand x(x + 3)?
L.e. can we develop a rule for differentiating the product of two functions?

y = f(x) x g(x)

Note e [Initially this "product rule” for differentiating f(x) x g(x) may seem to be of
limited use because expanding the expression, and then differentiating, is
likely to be reasonably straightforward in many cases anyway. However
such straightforward expansion may not always be the case and then the
product rule can prove to be very useful.

Work through the following investigation and see if you can discover the rule for
differentiating products.

INVESTIGATION
If y=(x+3)(x+2) then expansion gives y = x> +5x+6
thus %.X = 2x+5
x

Now (x+3)+ (x+2) = 2x+ 5! Could we simply differentiate a product by summing
the two parts? Clearly we need to investigate further before we can state a rule with any
confidence. Copy and complete the table below and see if you can determine the rule for
differentiating y = f(x) g(x).

Function as a product Expanded gﬁ
y=(x+3)(x+2) y=x%+5x+6 2x+5

y=(x+7)(x+2)
y=(x+5)(x-3)
y=(x+5)(2x-1)
y=(x+2)(2x-4)
y=2x+3)(x-1)
y=0Bx+1)(x-1)
y=(2x+1)(3x+2)
y=(5x+1)(2x+3)
y=(x?+1)(x+3)

y = (% + 3) (22 + 1)
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Did you discover a rule for differentiating a product? Well done if you did.
The product rule can be stated as follows:

If y=f(x)g(x) then %‘}C = g(x) f'(x) + f(x) g'(x)

Alternatively, if we use u and v to represent the two functions f(x) and g(x):

_ dy _ du dv
If y=uv then e = Vdx T Ydx

i.e:

dy . - . _

de - (2nd function x derivative of 1st) + (1st function x derivative of 2nd)
As addition is commutative, i.e. a + b = b + a, this could alternatively be written:

d
;& = (1st function x derivative of 2nd) + (2nd function x derivative of 1st)

Example 5
Differentiate  (a) y=(5x- 1) (2x+ 3) (b) y=(3x-5)(x* +5x-7)
(@) y=(x-1)(2x+3) isofthe form y=uv where u =5x-1
and v = 2x+3.
. dy
Using the product rule dx - (2x+3)(5) + (5x-1) (2)

= 10x+15 + 10x-2

= 20x+13
(b) y=(03x- 5)(3(:2 +5x-7) isoftheform y=uv where u = 3x-5

and v = x?+5x-7.

Using the product rule gﬁ (2 +5x-7)(3) + (3x-5)(2x+5)

3x2 + 15x-21 + 632+ 5x-25
9x% + 20x - 46

d
a—x((Sx— 1) (2x+3))

20-x+13
a%c((Bx-S) (%2 +5x-7))

9.x2 +20-x-46
\_ )

27
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Exercise 1B

In this exercise many of the questions require you to "use the product rule". In such
cases your method should clearly show your use of the rule. For questions that do not
have such a requirement use your calculator if you wish.

1. By writing x> as (x) (xz) differentiate y= x3 using the product rule.

Use the product rule to differentiate each of the following with respect to x.

2. y=(x+6)(x+1) 3. y=(x+7)(x-3)

4, y=(Bx+1)(x+4) 5. y=(x+1)(3x+4)

6. y=(2x+3)(5x+1) 7. y=(6x+5)(2x+3)

8. y=(x+4)(x%+2) 9. y=(x+5)(*-3)

10. y=(x+7)(x*+1) 11. y=(x-10)(x*+8)

12. y=(2x-1)(x%+7x-2) 13. y=(3x+4)(x? - 3x+4)

14. y=(2x-3) (¥* +5x-1) 15. y=(3x+1) (x*-7x+1)

Use the product rule to determine the gradient of each of the following at the given point.
16. y=(x+3)(x-2) at (3,6). 17. y=(Bx+1)(x-5) at (3,-20).

18. y=(3x-2) (2x+1) at (1,3). 19. y=(x-4)(¥*-1) at (2,-6).

20. Find the equation of the tangentto y=(3x-5) (x+2) atthe point (2, 4).
21. Find the equation of the tangentto y = (1 + 2x) (5x- 1) at the point (1, 12).

First solve questions 22 and 23 without the assistance of your calculator then try the

questions again using the ability of your calculator to determine derivatives and to solve
equations.

22. Find the coordinates of any points on the curve y = (2x - 1) (3x + 4) where the
gradient is -1.

23. Find the coordinates of any points on the curve y = (x - 3) (2x2 - 11) where the
gradient is 37.

24. Determine the coordinates of any points on the curve
y=(x-3) (*-8)

where the gradient is the same as that of the straight line y = x.

25. (a) Use the productrule to differentiate \/x—3 x (2x + 1).

(b) Differentiate \/x_3 x (2x + 1) by first expanding the bracket and then
differentiating each term.
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The quotient rule.

u
To differentiate y = — where u and v are each functions of x, we use the quotient rule:

Y
Jdudv
u dy ‘dx “dx
If y=, then - =T 2z
Example 6
Diff . ith _3x—5 b _ 3x
ifferentiate with respect to x, @ y= T 7 (b) y= 243"
3y —
(@) y=53;_.57 is of the form y=€' with u =3x-5
and v = 5x-7.
- - (3x-5) (5
Using the quotient rule %‘;XC = (5x-7) ((351_7()236 1)
_ 4
" (5x-7)2
b) y=——  isoftheform y=% with u = 3x
Y=, 3 s of the fo y=) i u=
and v = % +3.
. . dv _ (*+3)(3) - (3x) (2%)
Using the quotient rule de = ( x2+3)2
32 +9-6x*
T (% +3)?
_9-342
T (® +3)?
( N
Q(Bx-S)
dx\5x-7 4
5.x-7)2
o(2) Gx-7)
dx\x? +3
-3-(x%-3)
(2 +3)2
. J
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Exercise 1C

In this exercise many of the questions require you to "use the quotient rule”. In such
cases your method should show your use of the rule. For questions that do not have

such a requirement use your calculator if you wish.
5

1. By writing x? as % differentiate y= x? using the quotient rule.
x

1
2. Rather than differentiating y =— by writingitas y=x"", use the quotient rule

X"
instead.
Use the quotient rule to differentiate each of the following with respect to x.
3 2x 4 3x 5 6x
" x+3 ' 5x-1 : 4x-3
7x S5x+1 S5x+1
6 T 2x 7 2x+3 8 2x-3
6x-1 3x-1 1-3x
% Sy+2 10 91 13
5
12. == 13. 5’“2 14. 2’“2
P +1 x”+1 x° +3

15. Clearly showing your use of the quotient rule, determine the gradient of the curve

3
y= ﬁ at the point (4, 6).

4
16. Determine the gradient of the curve y = 2 xl at the point (3, 1-5).

3x+5
17. Find the equation of the tangentto y= — at the point (5, 10).

x-3

2x-1
18. Determine the coordinates of any points on the curve y = Sx_ 4 where the

gradient is equal to 6.

2x-3

19. (a) Differentiate using the quotient rule.

2x-3 2x-3
X

rule and express your answer as a single fraction.
2x-3 2x 3

X X

(b) By writing as (2x-3) (x'l) differentiate using the product

(c) Use the fact that

2x-3

8 |w

2- to differentiate
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The chain rule.

dy

If we are told that y = 3x% + 4 we know that A’ the gradient function, is 6x.

However, suppose we are not given y directly in terms of x but instead are given y in

terms of some other variable, say u, and given this other variable, u, in terms of x. Can

we find %X ?
X

d
For example if y =4u + 3 and u=x%-4 canwe find Eazc ?

We could substitute for u, from u=x?- 4, into y = 4u+3 togive

y = 4(x2-4)+3
= 4x°-16+3
ie. y = 4x*-13
and so g.! = 8x
X

However it is possible to determine a‘gzc in terms of x, without having to first substitute

for u, by using arule called the chain rule:

If y=f(u) and u=g(x) then %}; = %5 d_;lc
If y = 4u+3 and u = -4
then %‘3 = 4 and %c =2
Then, by the chain rule %ﬁ = %5 S—Z
= (4) (2x)
= 8x, as before.

Note:  The chain rule can be remembered by imagining the "du"s cancelling:

dy _dy dk
dx = du dx -’
However, as we were reminded in the Preliminary section at the start of this

d d
book, the terms a‘l% and d—; are not fractions, they are limits of fractions,
& _ fim &g gim X
du = su—>00u M 4x = 5x0 0% °
Whilst such "cancelling” is useful for recalling the rule it cannot really be
carried out.
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Example 7

d
Find c_iloxc' in terms of x, given that y = u?-5u and u=7x- 3.

If y = u®-5u and u=7x-3
dy du _
then du = 2u-5 and dx =7
| | dy _ dy du
Using the chain rule dx ~ du dx
= (2u-5)7
= 7 (14x-11)

Note: ¢ More "links" can be put into the chain as required. (See example 8.)

e In the above example y is a function of u and u is a function of x. Thus we
have a function of a function or a composite function as encountered in
the Preliminary work section.

x —> u=7x-3 —> y=u2—5u -y

For example:

x=2 — | 7(2)-3=11 | = | (11)%-5(11) | = =66

Example 8
. dy .
Find I terms of x, given that y= 3t t= 5p-2 and p=6x+1.

If y = 33, t =5p-2  and p=6x+1
dy _ dac  _ dp _
then dt = 6t dp - 5 and dx = 6.
: : dy _dy dt dp
Using the chain rule dr = dt dp dx
= (6t) (5) (6)
= 180 (5p - 2)

180(5(6x + 1) - 2)
540 (10x+ 1)



>
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d

The chain rule proves to be most useful when finding a‘}c for

certain functions in which y is given directly in terms of x but 6
for which we choose to introduce a third variable, thus allowing

the chain rule to be employed. This technique is demonstrated

in the next example.

Example 9
Differentiate  (a) y=(2x-3)* (b) y=(3x%+4)°
(@) Todifferentiate y = (2x—3)4 let u=2x-3
then y = ut,
dy _, 3 du _
Thus du =4u and dx = 2.
| dy _ dy du
By the chain rule dr = du dx
= (4u°) (2)
= 4(2x-3)3 (2)
= 8 (2x-3)3
(b) Todifferentiate y =(3x%+4)° let u = 3x%+4
then y = ul.
d
Thus a‘l% =5yt and % = 6.
: dy _dydu
By the chain rule dr - du dx
= (5u™t) (6x)
= 5(3%% + 4)* (6%)
= 30x (322 + 4)*
4 q N\
- -4
dx((Zx 3)%)
8-(2-x-3)3
A (2,2 4415
dx((3x +4)°)
30-x-(3-x2 +4)%
\ J
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Points to note.

Consider how long the previous example would have taken if we had to
differentiate each part by first expanding the initial expressions (without the
assistance of a calculator) and then differentiate each term!

The final answers in the previous example are given in terms of the variable x,
given in the question, and not in terms of the variable u which we introduced to

help us differentiate.

With practice you should be able to differentiate expressions like those of the
previous example without having to write down the full process. (See the next

example.)

Considering the general case: If y = [f(x)]", then by letting u = f(x) and using the
chain rule, we obtain the following result.

If y=[f(x)]" then dy n[f(x)]"" ! f'(x)

dx ~

Example 10

Differentiate (a) y=(7 + Zx)3

(a)

(c)

If y = (7+2x)°
d
& = 30+29°(
= 6(7 +2x)°
If y = (x3+1)'1
d -
o = -163+ 172 32
(x3+ 1)2

The reader should confirm
that applying the quotient
rule for part (c), instead of
the chain rule, gives the
same answer.

b) y=(F+3x+1)° () y=3 7

b)) If y = (x®+3x+1)°

dy
dx

6 (2% + 3x+ 1)° (2x + 3)

6 (2x + 3) (2% + 3x+ 1)°

[ d
a((7 + 2x)3)
6-(2-x+7)%

& (2 +33+1)6)
6+(x2+3-x+1)5-(2:x+3)

(=)
doe\x3 +1 —3.x2

(x3 +1)2
. _J
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Example 11
Determine the gradient of the curve y = (oc2 - 7)4r at the point (3, 16).

Either algebraically or by calculator
If y = (-7t -
A ((x2-714)| 5=
%‘2 = 4(x2—7)3 (2x) dx((x 7) )Ix 3
x 192
= 8x (x?-7)3
At (3,16), x =3 D
\,
d
and = 24(32-7)°
= 24x8
= 192.

The gradient of the curve y = (x2 - 7)4 at the point (3, 16) is 192.

Exercise 1D

1. Find %}c' in terms of x, giventhat y= 7u-3 and u= 2x% + 5x - 3.
d
2.  Find a%, in terms of t, given that p = 3s® and s=2t+ 1.
. dh . : 2
3. Find 4 intermsof r, giventhat h= 5p“-3 and p=1- 2rt.
. dy . : 2 _ _
4. Find o I terms of x,giventhat y= u“+3, u=4p-3 and p=3x+2.

5. Differentiate y = (3x + 2)5 by letting u = 3x + 2 and using the chain rule. Show
your working fully and give your answer in terms of x.

6. Differentiate y = (x* + 2)3 by letting u = x*> + 2 and using the chain rule. Show
your working fully and give your answer in terms of x.

1
7.  Differentiate y = m by letting u = 8x - 3 and using the chain rule. Show

your working fully and give your answer in terms of x.

8. Differentiate y =\ 2x+3 by letting u = 2x + 3 and using the chain rule. Show
your working fully and give your answer in terms of x.
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1
9. Differentiate y =——\/_6—+T by letting u = 6x + 1 and using the chain rule. Show
x

your working fully and give your answer in terms of x.

10. Differentiate y = > by letting u = 3x% + 2x + 1 and using the chain

1
(3x% + 2x+1)
rule. Show your working fully and give your answer in terms of x.

d
Find the gradient function aﬁ for each of the following. Do each one without the

assistance of a calculator and then check your answer with your calculator.

11. y=(5x+2)* 12. y=(7x-3)3

13. y=(2-3x)3 14.  y=(4+7x)>2

15. y=(3x%+5)3 16. y=(2x3+1)°
17. y=(x+2)3 18. y=(2x+5)"}
5 G O

21, y=3x+(2x+3)° 22. y=Vax+1

Determine the gradient of each of the following at the given point without the assistance
of your calculator.

23. y=(10x+1)° at (0,1). 24.  y=(6x-1)3 at (1,125).

25. y=(1+x2H3 at (-1,8). 26. y=(2x-3)*  at (2,1).

27. y=_‘1— at (0,1) 28. y=x*+(x-1)° at (2,5)
(2a% + 1)3 e ' ’

Use your calculator to determine the gradient of each of the following at the given point.

1
29. =T . .
y 3+ 204 32 at (1, 0-125)

40
1+x

36
3L = 4,12).
ST (5 12)

30. y= at (3, 20).

:
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Miscellaneous Exercise One.

This miscellaneous exercise may include questions involving the work of this
chapter and the ideas mentioned in the preliminary work section at the beginning
of the book.

1.  Each of the following diagrams show a composite function gf (x).
With the domain as shown determine the range of gf(x).

(b)

2. For the graphs A to F shown below state which have

(@) %‘;XC always positive, (b) % always negative,
(c) (aiiyzc never negative, (d) g‘}c independent of x.
Ay/é 4 Ty
) N/

y
/ X | X
B GO
—To | 7
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10.

11.
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(You should be able to do this question mentally and simply write the answer.)
2

_d%y
=5-7x* det .
Ify=5 x* determine 422
Findg‘}cfor (@) y = 5x* (b) y = 3+5%° (€ = (3+5x)>

Clearly showing the use of the product rule,

d. o du v
dx(uv) “Vdx tYdx

dy

determine d for each of the following:
@ vy = (x+1)(x-3) (b) y = (2x-1)(5x+4)
© ¥ = (2x+3) @) y=(*-4)(3x+5)

Find the gradient of y = 2(x? - 5)7 at the point (-2, -2).

3

x
Differentiate . (Hint: You do not need the quotient rule for this one.)

4
Find the gradient of y = 2x+3 A the point (-1, 4).

2x —
Find the equation of the tangent to y = xx+ 1

the form ay = bx + c, with g, b and c taking integer values.

With the assistance of your calculator:
Find the coordinates of the points where the curve
_13x+1
Y= 2x+2

cuts theline y=x + 2.
Find the gradient of the curve at each of these points.

(a) Use the product rule to obtain the derivative of (x + 4) (2x - 1).

(b) Hence, and without the assistance of a calculator, determine the derivative of

(Bx-1)(x+4)(2x-1).

at (3, 0-75), giving your answer in





